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Oco6i>ie TO^KH caMonofloSnoH 4)yHKLi;HH Hyjiesoro cneKTpajibHoro 
nopa^Ka. CaMonofloSnaa CTpyna CTHjiTbeca 

H. A. nieiinaK 

Ahhotal(H5J. B CTaTbe sBOflHTbca noHaTHe caMonoflo6HOH (JjyHKifHH HyjieBoro cneKTpajibHoro nopafl- 
Ka H H3yHaK)Tca ee csoiicTBa. Bxa (JjyHKiiHa HMeeT He 6ojiee hbm c^eTHoe hhcjio TO^eK paapbina, npn^eM 
Bce TOHKH paspbiBa aBJiaKJTca TOHKaMH paapbiBa 1-ro pofla, sa HCKJiKt^eHHeM 6biTb MoaceT oflHoii toh- 
KH, aBjiaiomeitca oco6ou. nojiy^eHa (JiopMyjia, nosBOJiaiomaa no napaMeTpaM caMonoflo6Ha (J)yHKii;HH, 

BBIMHCJIHTB 66 KOOpflHHaTbl. HcCJieflyBTCa nOB6fleHHe CaMOnOflo6HOH cJjyHKLfHH B OKP6CTHOCTH OC060H 
TOHKH. 

Hey6biBaiomaa (J)yHKii;Ha / Hyji6Boro cn6KTpajibHoro nopaflKa, npHHafljiejKamaa npocTpancTBy 
L2[0, 1], nopojKflaeT caMonoflo6HyK) cxpyny CTHJiTbeca, T.e. cneKxpajibHyM saflany BHfla 

-y" - ^py = 0, 

j/(0) = y(l) = 0, 

o 

rfle p 6CTb cJjyHKiiHa h3 npocTpancTBa W2 [0, 1] h / = p. He3HaKOonpefl6JieHHaa (JjyHKifHa / npHBOflHT 

K nOHaTHK) CaM0n0fl06H0H HHfl6(J)HHHTH0H CTpyHbl CTHJITbGCa. 



1. BBe^eHHe 

CTpyna nasbiBaeTCH CTHjiTtecoBCKOH, ecjin ona npe^CTaBjiHeT co6oh neBecoMyK) hhtb, KOTopaa 
HeceT jiHint cocpeflOTOHeHHbie Maccbi mi, m2, ... b TOHKax = xi < X2 < crymaiomnxca k 
npaBOMy KOHi];y, limx^ = oo). Sa^ana o K0jie6aHHHx CTHjiTtecoBCKOH CTpynbi eflHHHHHofi fljiHHbi 
c saKpenjieHHbiMH KOHi],aMH npHBO^HT K cneKTpajibHOH sa^ane 

(1.1) -/ - Xpy = 0, 

(1.2) y(0) = 2/(1) = 0, 

r^e p = Xlfcli fnk^ix — Xk)- 06o6n],eHHaH nepBoo6pa3HaH / (/' = p) TaKoro Beca npeflCTaBjiHCT co6oh 
KycoHHO-nocTOHHHyK) 4)yHKi];Hio, TOHKH paspbisa KOTopoft CTpeMHTCH K npaBOMy KOHi];y OTpesKa, a 

/(I — 0) = X]fc=l ^k{^ Cxo). C 9T0H TOHKH SpeHHH, MOJKHO CHHTaTb, HTO TOHKa X = 1 HBJIHeTCH OC060H 
TOHKOfi 4)yHKI];HH /. 

Bojiee noflpo6HO o CTHjiTbecoBCKOH CTpyne cm. b [l]. 

yKajKCM Ha 6ojiee mnpoKHH Kjiacc cneKTpajibHbix sa^an, CBHsannbix co CTHjiTbecoBCKofi CTpynofi. 
B pa6oTe [2] nsynajiacb sa^ana (|l.ll )-( fL2]l b npeflnojiOHceHHH, hto bcc p HsjiaeTCH caMonoflo6HOH 
MepoH. Ho cjiynaii ^HCKpeTHbix, t. e. KaK pas cjiynali CTHjiTbecoscKofi CTpynbi ne paccMaTpHBaeTca. 
^jiH TaKHx KjiaccoB BecoB 6bijiH nojiyneHbi acHMnTOTHnecKHe cJjopMyjibi pacnpeflejieHHH co6cTBeHHbix 
SHaneHHii, HMeiomne CTeneHHOit nopa^OK. 

CaMonoflo6Hbie cJjyHKi^HH nojiojKHTejibHoro cneKTpajibHoro nopa^Ka 6bijiH BBe^eHbi b pa6oTax [3]- 
[4] . OKasbiBacTCH, hto cneKTpajibHbifi nopa^OK cJjyHKi^HH / HenocpeflCTBCHHO CBHsan c nopa^KOM 
acHMHTOTHKH co6cTBeHHbix SHaHeHHH sa^aHH (ll.ip -( fL2]) . r^e p = /'. B sthx pa6oTax nsynajiacb 
sa^ana (|l.ll )- (|1.2p c 6ojiee o6n],HM KjiaccoM BCCOBbix cJjyHKi^HH. A hmchho, b KanecTse BCca p paccMaT- 

pHBajiHCb caMono/];o6Hbie o6o6n],eHHbie (JsyHKi^nn h3 npocTpancTBa W2 [0,1]. nepBOo6pa3Hbie TaKHx 

BCCOB HBJIHIOTCH CaMOnOflo6HbIMH 4)yHKI];HHMH H3 npOCTpaHCTBa -^2(0, 1]. IlpH 3T0M yCJIOBHH, HaKJiaflbl- 

BacMbie Ha napaMCTpbi caMonoflo6HH HCKjHonaiOT h3 paccMOTpcHHH KycoHHO-nocTOHHHbie cJjyHKi^HH, 
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T. e. H B 3THX pa60TaX CTHJITteCOBCKHe CTpyHBI He paCCMaTpHBajIHCB. SaMCTHM, HTO C06cTBeHHBie 3Ha- 

HeHHH sa^aHH (|l.ip -( fL2]) c bccom, HBjiaiomHMCH o6o6n],eHHOH nponsBOflHof! (JjynKi^HH nojiojKHTejiBHoro 
cneKTpajiBHoro nopaflKa TaKHce noflHHHHiOTCH CTenenHOMy saKony pacnpeflejiennH. 

C TOHKH speHHH saflaHH (ll.ll )- (|1.2p cjiynafi, Kor^a Bee HBjiaeTCH o6o6n],eHHOH nponsBOflHofl caMO- 
no/];o6HOH (JjyHKi^HH nyjieBoro cneKTpajiBHoro nopaflKa saHHMaeT oeo6oe MeeTO. A HMeHHO, co6eTBeH- 
HBie snaHeHHH HMeiOT SKcnoHeHi^najiBHoe paenpeflejienne (eM.[5]). HosTOMy HsyneHne TaKHx 4)yHKi];HH 
npeflCTaBjiaeT HHTepec c tohkh speHHH cneKTpajiBHOH TeopHH onepaTopoB. 

OTMeTHM, HTO CaMOnOflo6HBie 4)yHKI];HH (b TOM HHejie H KyCOHHO-nOeTOHHHBie) HMeiOT BajKHOe 

SHaneHHe ne tojibko ajih cneKTpajiBHbix sa^an. HanpHMep, oflHHM h3 nonyjiapHBix npHjiOHceHHii eaMO- 
noflo6HBix HenpepbiBHbix 4)yHKi];HH HBjiHeTCH Teopna cacaTHH KOMnbiOTepHbix H3o6pajKeHHH (cm. [6]). 
PasjiHHHbie sa^aHH, eBHsannbie e HsyneHneM TaKHx cbohctb eaMonoflo6HBix cJjyHKi^HH KaK orpaHH^eH- 
HoeTB Bapnai^HH, a6cojiiOTHaH nenpepBiBHOCTB h flpyrnx cbohctb, ecTecTBenHBiM o6pa30M npHBOflamnx 

K nOHHTHK) BCpOHTHOCTHBIX CaMOnOflo6HbIX MCp, BOSHHKaiOT B TCOpHH (JjpaKTajIBHBIX KpHBBIX, HSyHC- 

HHC KOTopBix Ha^ajiocB c yjKC CTaBiuHx KjiaccHHCCKHMH pa6oTBi [7]-[9]. CpeflH 6ojiee nosflHHx pa6oT, 
nocBHmeHHbix pasjiHHHbiM CBoiicTBaM (JjpaKTajibHbix KpHBbix, OTMCTHM pa6oTbi |10| H KoHCTpyK- 
i];hh acJ)4)HHHO-caMono/];o6Hbix (JjyHKi^Hit, npHHafljiejKamnx npocTpancTsaM Lp[0, 1], npHBeflena b ^12j . 
KpoMC Toro, caMono/];o6Hbie Mcpbi naxoflHT npHMeneHHe h b tcophh cjiynanHbix npoi];eccoB (cm. na- 
npHMcp, [13]). 

L[ejibK) CTaTBH HBjiHCTCH onpeflejiCHHe cJjyHKi^HH HyjiCBoro cncKTpajibHoro nopH^Ka, nccjieflOBa- 
HHC ee CTpyKTypbi, KjiaccncJjHKai^HH ee oco6bix tohck b saBHCHMOCTH ot napaMCTpoB caMono/];o6HH h 
HCCJieflOBaHHC noBCflenHH caMonoflo6HOH cJjyHKi^HH b okpccthocth stoh tohkh. 

TaKJKC BBOflHTCH noHHTHC caMonoflo6HOH CTpyHbi CTHjiTbeca, HMeromeii Tecnyio cbhsb c (JjyHK- 
i];hhmh HyjiCBoro cncKTpajibHoro nopH^Ka. B OTjinnne ot KjiaccHHCCKoii CTpynbi (J)yHKi];HH nyjiCBoro 
cncKTpajibHoro nopHflKa nopojKflaiOT BOo6n],e roBopa HH^ecJjHHHTHyio CTpyny (cp. [T], saMenaHne 12.21 
TcopcMa 12. 4p 

HanOMHHM OCHOBHbie nOHHTHH, CBHSaHHbie C CaMOnO/];o6HbIMH (j3yHKI];HHMH. 

2. CaMonofloGHbie cJ)yHKii,HH b npocTpancTBe Lp[0, 1] h hx cneKTpajitHMii nopa^OK 

2.1. OnepaTopM nofloGnii b npocTpancTBe Lp[0, 1]. IlycTb (JjHKCHpoBano naTypajibHoe hhcjio 
n > 1, H nycTb BemecTBcnHbie nncjia Ok > 0, r^e k = 1, . . . ,n, TaKOBbi, hto 

n 
k=l 

a BemecTBeHHbie nncjia h noKa npoHSBOjibHbi. ^onojiHHTejibHO onpeflejiHM HHCjia ai = 0, 
ak = Ylt=i ^ ~ 2, ...,n + 1. TaKHM o6pa30M, HHCjia = ai < 02 < • • • < < 1 = On+i 
o6pa3yiOT pa36HeHHe OTpesKa [0, 1]. 

OnpeflejiHM nenpepbiBHbie onepaTopbi Gk h G^, conocTaBjisHomne (JjyHKi^HH / S Lp[0, 1] (J)yHKi];Hio 
H3 Lp[ak, CKfc+i], fc = 1, 2, . . . , n no npaBHjiy: 

Gkif){x) = fit), rfle x = akt + ak, xe[ak,ak+i], tG[0, 1]; 

Gk{f){x) = f{t), rfle x = -akt + ak+i, x£[ak,ak+i], te[0,l]. 

OKOHHaTCJibHO nocTpoHM HejiHHeftHbiH HenpepbiBHbiH onepaTop G : Lp[0, 1] — > Lp[0, 1] BH^a 

n 

(2.1) G{f) = Y.{f3k- XK,a,+o + 4 • Gkif)} , 

k=l 

r^e X{ak,ak+i) — xapaKTepncTHHecKaa cJjyHKi^HH HHTcpBajia {aj., ak+i), a G^ = G^ hjih G^ = G^ b 

SaSHCHMOCTH OT k. IlpO OTo6paJKeHHH Gk 6yfleM rOBOpHTb, HTO OHH MCHHIOT OpHCHTai^HK) OTpCSKa 

[afc,"fc+i]- 

OnepaTopbi G BH^a (12. Ih 6y/];yT HasbmaTbCH onepaniopaMU nodo6uH. 
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B pa6oTe [12] paccMOTpenti 6ojiee o6n],He onepaTopbi noflo6HH. 

n 

(2.2) G{f) = 5] • + cfc • X + 4 • Gk{f)] , 

fc=i 

HO He paccMaTpHBajiHCB onepaTopti, MenHiomHe opneHTai^Hio OTpesKOB [afc,aA:+i]. 
TaM jKe flOKasana cjieflyiomaH 

JIemma 2.1. Onepamop nodo6uM G nejifiemcsi ccHCUMawinuM e Lp[0,l] e moM u moAbKO moM 
cjiyuae, Kozda cnpaeedjiueu Hepaeeucmea 

n 

(2.3) J^afc|4r<l (l^p<+oo), 

k=l 

(2.4) max \dk\ <l {p = +oo). 

Hs jieMMbi 12.11 H npHHi];Hna cjKHMaromHx OTo6pajKeHHH neMeflJienno BbiTexaeT cnpaBeflJinsocTb 
cjieflyiomero yTBep^K^eHHii. 

Teopema 2.1. EcAU cnpaeedjiueo Hepaeencmeo (|2.3|) ( (|2.4|) ). mo cyui,ecmeyem u eduHcmeeuHa 
^yuKU^UM f € Lp[0, 1], ydoeAemeop.nK>uj,a.n, ypaeneHUH) G{f) = f . 

B flajibHefinieM Bcer^a 6yfleT npe^nojiaraTbCH, hto jih6o HepaBencTBO ()2.3p jih6o HepaBencTBO (|2.4|1 
BbinojiHeno. 

EcjiH 4)yHKi];HH / € Lp[0, 1] y^oBjieTBopiieT ypaBHeHHio G{f) = /, r^e G — neKOTopbiii onepa- 
Top noflo6Hii, TO TaKasi cJjyHKi^HH 6yfleT HasbiBaTbcsi caMonodoSnou. IlpH stom BejiHHHHbi n, a^, dk h 
/3fc, r^e A; = 1,2, ... ,n, onpe^ejiHiomHe cooTBeTCTByiomnfi onepaTop noflo6HH G, 6yflyT nasbiBaTbCH 
napaMempaMU caMonodo6uM cJjyHKi^HH /. 

2.2. CneKTpajiBHbifi nopsiflOK. SaMCTHM, hto ecjin ^jih Bcex k = 1,2, ... ,n BbinojiHeno Pk = 0, 
TO onepaTop noflo6HH G hmcct TOjibKO TpHBnajibHyio nenoflBHJKHyio TOHKy / = 0, nosTOMy b ^ajib- 
HeiimeM 6yp,eM npe^nojiaraTb, hto BbinojiHeno ycjiOBHe 

(B) cpeflH HHceji Pk, r^e k = 1, . . . ,n, no MeHbinefi Mepe o^ho otjihhho ot nyjiH. 
CpeflH caMonoflo6Hbix (JjyHKi^Hii, yflOBjieTBopHiomnx ycjiOBHK) B, Bbi^ejinM cjieflyromne Kjiaccbi, 
fljiH KOTopbix napaMCTpbi caMono/];o6HH cooTBeTCTBenno o6jiaflaiOT CBoncTBaMn: 

(Z?o) rffc = fljiH Bcex /c = 1, . . . , n; 

(I?i) cpeflH HHceji dfc, r^e A; = 1, . . . , n, poBHO oflHO otjihhho ot nyjia; 
{D2) cpeflH HHceji dfc, r^e A; = 1, . . . , n, ne Menee flByx otjihhhbi ot nyjia; 

CaMonoflo6Hbie cJjyHKi^HH, npHHafljieacamne npocTpancTBy L2[0, 1] h yflOBjieTBopaiomHe ycjiOBHio 
-D2, SbijiH BBCfleHbi B pa6oTax f3],[4] h nasbmaiOTCH caMonodoGuuMU (pyuKV^UHMU noAootcumejibHozo 
cneKmpajibHozo nopHdna. B stoh jkc pa6oTe noKasano, hto ^jih napaMCTpoB caMonoflo6HH, OTBenaio- 
n],HX TaKofi (JjyHKi^HH, ypaBHenne 

n 

(2.5) ^(a;t|4|)'' = l 

fc=i 

HMeeT pemeHHe < Z) < 1, a ^jih co6cTBeHHbix snaHeHHii saflann (|l.l| )- p.2p cnpaBe^JinBa acHMn- 
TOTHHecKaH 4)opMyjia 

lAnlxnV^. 

HeTpy^HO saMCTHTb, hto caMonoflo6Hbie (JjyHKi^HH, yflOBjieTBopHromne ycjiOBHK) Dq, cyTb npocTbie 
4)yHKi];HH, npHRHMaromne KOHennoe hhcjio snaHeHHit, a hmchho 

n 

^(Ofc,Ofc + l)' 

k=l 
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06o6n],eHHaH npoHSBOflHaa TaKOH (JsyHKi^nn hmcct bha 

n 

(2.6) f'{x) = Y,{Pk-f3k-i)-S{x-ak). 

k=2 

IloflCTaHOBKa (|2.6I1 b KanecTBe Beca p b (ll.ll )- (|1.2p cbo^ht saflany k KOHeHHOMepHofi. Henocpefl- 
CTBCHHoe BbiHHCjieHHe nosBOjiHCT y6eflHTbCH, HTO co6cTBeHHbie SHaneHHH B 3T0M cjiynae hbjihiotch 
KopHHMH MHoroHjiena 

n 

1 - A^mfcafc(l - Ofc) + ^ mi^mi^ai^{ai^ - ai^){l - Ui^) + . . . + 

k=2 2i^ii<i2^n 

+ ^ TTij^mij . . .mij^aii(ai2 - aij . . . (aij^ - aij^_J(l - aij + . . . 

. . . + (-l)""^A"'~^m2m3 . . . m„a2(a3 - 02) • • • ("n - an-i)(l - 

r^e mk = 13k- Pk-i, k = 2,3, . . . ,n. 

^jiH caMonoflo6Hbix (JjyHKi^HH Kjiacca Di ypasHeHHe (|2.5|) hmcct tojibko TpHEnajibHoe pemeHne 
= 0. B CBH3H c 3THM flaflHM cjieflyKJmee 

OnPE^EJiEHHE 2.1. CaMonodo6Hue cpyuKii^uu KJiacca Di 6ydeM naaueamb caMonododnuMU (pynn- 
ii,UMMU HyAeeoso cnenmpaAbHoso nop-ndna. 

HsyHHM 6ojiee no/];po6HO 4)yHKi];HH Kjiacca Di (ne o6H3aTejibHO npHnafljieHcamne npocTpancTBy 
L2[0, 1]). 06o3HaHHM nepes k tot eflHHCTBeHHbifi HH^eKC, ^jih KOToporo d^T^O, 
CnpaBefljiHBO cjie^yiomee yTBepjK^eHHe. 

Teopema 2.2. CaMonodoSnasi cfiyHKi^uM uyAeeoso cnenmpaAbHozo nopHdna nejiiiemcH KycouHO- 
nocmosiHHOu u npuHUMaem ne 6ojiee hem cnemHoe hucjio SHaneHuu. Bee moHKU paspuea MeAMfomcM 
moHKaMU paspuea 1-zo poda, KpoMe 6umb MOCHcem oduou moHKU. 

^OKA3ATEJlbCTBO. PaccMOTpHM CHanajia cjiynaii, Kor^a b (JjopMyjie (|2.ip see onepaTopbi Gk 
paBHbi Gk- CjiynaH, Korfla npn HCKOTopbix k G onepaTop Gk = Gk, paccMaTpHBaeTca anajiorHH- 
HO. QyHKi];HH /, HBjiHiomaHCH HenoflBHJKHoii TOHKOH onepaTopa G, b stom cjiynae hmcct HCKOTopbie 

OTJIHHHH, O KOTOpblX Mbl paCCKajKCM B §3. 

^jiH KajKfloro HaTypajibHoro m nocTpoHM pa36HeHHe OTpesKa [0, 1] na OTpesKOB h KaacflOMy 
TaKOMy OTpesKy pa36HeHHH conocTasHM nocjieflOsaTejibHOCTb hhccji ki,k2, ■ ■ ■ , km (noMep OTpesKa) , 
r^e ki = 1,2, ... ,n, i = 1,2, ... ,m. 

IlpH m = 1 TaKoe pa36HeHHe o6pa3yiOT OTpesKH 1^^ : = [afc^,afcj+i], ki = l,2,...,n. TaKne 
OTpesKH 6yfleM nasbiBaTb ompeanaMU paadueuusi nepeoso nopsidna hjih npocTO ompeanaMU nepeozo 
nopsidKa. 

IlpH m = 2 pa36HeHHe o6pa3yiOT OTpesKH Iki,k2 ■ = {u = afc2^ + ^k2J x € Ik^}, ki = 1,2, ... , n, 
i = 1,2. TaKHe OTpesKH 6yfleM nasbiBaTb ompesKaMU paadueuusi emopozo nopsidna hjih npocTO ompea- 
KUMU emoposo nopsidna. 

^ajiee HOCTpoenHe ocymecTBjiHeTCH HH^yKTHBHO. Ecjih HOCTpoeno pa36HeHHe na OTpesKH 
-ffci,fe2,...,fcm-i ' ~ l5 2,...,n, i = 1, 2, . . . , m — 1, to onepeflHoe pa36HeHHe onpeflejiHeTCH cjieflyio- 
mHM o6pa30M Iki,k2,...,km- = {y = o^k^x + ak^, x G h^M.-^km^i) ^ h = 1,2, . . . ,n, i = 1,2, . . . ,m. 
TaKHe OTpesKH 6yfl,eM nasbiBaTb ompeanaMU paaSuenuM m-so nopMdna hjih npocTO ompeanaMU m-so 
nopfidna. HeTpy^HO saMCTHTb, hto OTpesoK Iki,k2,...,km "^--ro nopH^Ka HMeeT ^jiHHy ak^ak2 ■ ■ .Ofc™. 

IlycTb /o = 0. IlocTpoHM nocjieflOBaTejibHOCTb fj, j = 1,2, . . . no npaBHjry fj = Ohcbh/];- 

HO, HTO /j — > / B Lp[0, 1]. IlpH 3T0M B CHJiy COOTHOUieHHe (|2.1|) BbinOJIHeHO 
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(2.7) 
(2.8) 

(2.9) 



/i(x) = npn x € /fci, h = 1,2, . . . ,n, 
Pki, X £ Iki, h / k, 
dk(3k2+Py ^ ^ h,k2' ^2 = 1,2,... ,n, 

X e Iki, ki^k, 



f2{x) 
h{x) 



(2.10) fm{x) 



m — 2 



d^-'Pk^+Pdi + d, + ... + dl-'), xeh 



m-2\ 



k,k k,km' 



km — \,2, . . . ,n. 



HeCJIOJKHO SaMCTHTb, HTO (JjyHKI^HH fm o6jiaflaiOT TCM CBOHCTBOM, HTO BHC OTpCSKa / 



k , k , . . . , k 



G{fm) — fmi 

r^e nocjie^Hee paBencTBO BbraojiHeno b cmbicjic npocTpancTBa l/p[0, 1]. CjieflOBaTejibHO, BCjie^CTBHe 
caMonoflo6HH cJjyHKi^HH / BHe OTpesKa If ? r BbinojiHeHbi paBencTBa 

K , nj , , , , , K 

m 

fm — f ■ 

TaKHM o6pa30M, cJjyHKi^HH fm paBHbi 4)yHKi];HH / BHe oflHoro OTpesKa m-ro nopH^Ka. 

OTpesKH It t r o6pa3yiOT CHCTCMy BjiOHcenHbix OTpesKOB, CTHrHBaiomnxcH k tohkc x, hbjih- 

/C ^ rt J . . . , rt 

m 

lomeHCH B HeKOTopoM po^e OC060H caMono;],o6HOH 4)yHKLi,HH /. JleBbiH {xi) H npaBbiH {xr) kohli;bi 
OTpesKa 1^7 r cooTBeTCTBenHO HMeiOT Koop;],HHaTbi 



KoopflHHaTy tohkh x mojkho BbinncjiHTb no 4)opMyjie 



(2.11) 



at 



X 



1 - Of 



B HacTHOCTH, ecjiH k = n, T. e. poBHO nocjieflnee dk otjihhho ot nyjisi, to h3 (12. lip h onpeflejienHH 
HHceji {ttk}, {dk} BbiTCKaeT, HTO X = 1. CooTBeTCTseHHO, npn k = 1 nojiynaeivi, hto x = 0. 

EcjiH X X, TO H3 cooTHomeHHH (|2.7p -( f2rT0]) cjieflyeT, hto cymecTByiOT npasbie h jiesbie npe^ejibi 
4)yHKi];HH / — cooTBeTCTBeHHO /(x + 0) H /(x — 0). IlpHHeM f{x + 0) 7^ f{x — 0) He 6ojiee hcm b chcthom 
HHCJie TOHCK. 3thmh TOHKaMH MoryT 6biTb TOJibKO KOHi];bi OTpesKOB m-ro nopHflKa npn m = 1, 2, . . .. 
Ho ne Bce kohi^m yKasannbix OTpesKOB o6H3aTejibHO hbjihkjtch TOHKaMH paspbiBa cJjyHKi^HH /. 

yKajKCM TpHBHajibHbiH cjiyHaH, npn KOTopoM (]3yHKi];HH, (JjopMajibHO npHHafljiejKamaH Kjiac- 
cy Di, npHHHMaeT KoneHHoe hhcjio snaHeHHii. A HMenHO, sto bosmojkho, tojibko ecjin 
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Pi = f32 = ■■■ = = Pk+i = ■■■ = Pn = dj^Pi + f3y HTO cjie^yeT h3 cooTHomenHH ^jih /2 b 

4)opMyjie (|2.8p . CaMonoflo6HaH cJjyHKi^HH b stoh CHTyai];HH ToacflecTBeHHO paBHa KOHCTanTe 

B nacTHOCTH, npn n = 2 (6e3 orpanHHenHH o6n],HOCTH CHHTaeM, hto k = 2), sth ycjiOBHH cboahtch 

K paBCHCTBy C?2/3l + /32 = A- D 

Same^AHHE 2.1. Bcezda 6ydeM npednojiazamb, nmo npu i,i + 1 7^ eunojiHeno Pi 7^ 
Hnane, mochcho yMeHbmumb napaMemp n na edunwuy, o6seduHue npeo6pa3oeaHUM Gi u Gi+i e odno 
Hoeoe npeo6pa3oeaHue Gi. Ha (fiopMyA (|2.7p - (|2.1Q|) cAedyem, umo djisi npu i ^ k onepamopu Gi u Gi 
deucmeymm oduHanoeo. 

B OKpecTHOCTH TOHKH X noBeflCHHe caMonoflo6HOH 4)yHKi];HH / MOHceT 6biTB 6ojiee cjiojkhbim. Ohh- 
paacB Ha cJjopMyjibi (I2.10p pa36epeM sth cjiynan noflpo6Hee. 

BBCfleM fljiH OTpesKOB Jj,^ j. m = 1,2, ...n cjie^yiomee o6o3HaHeHHe 

m— 1 

I{m,km) ■= h,k,...,k,k^- 

Hs cooTHomeHHH (|2.10l) cjieflyeT, hto ^jih i k cnpaBefljiHBbi cooTHomeHHH 

f\nm,) = + a) - npM / 1 

/l/(m,i) = ("i - + Pi npn = 1. 
H3 3THX 4)opMyji cjie^yeT, hto b okpccthocth tohkh x bosmojkho cjieflyromee noBe^eHHe 4)yHKi];HH 

/■ 

1. \d^\ < 1. B 3T0M cjiynae (JjyHKi^Hsi / npHHa^JiejKHT npocTpancTBy B[0, 1] (orpanHHeHHtix na ot- 
pesKe (JjyHKi^Hii). ^OKasaTejitCTBO SToro (JjaKTa nojinocTtio anajiornHHO ^OKasaTejibCTBy TeopeMbi 2.1 
pa6oTbi jl2| . IlpH 3T0M, cymecTByeT npe^eji SHaneHHii (JjyHKi^HH / b TOHKe x h 

lim f{x) = — 

x—>x L — Clj^ 

IIpHMep TaKoii (J)yHKi];HH npeflCTaBjien na pnc. 1. 

2. dj^ = 1. 3flecb BOSMOJKHbi Tpn cjiynaH (HCKjironaH TpHBHajibHbift, yKasanHbiii b ^OKasaTejibCTBe 
TeopeMbi 12. 2p . 

a) EcjiH Pf, = 0, n = 3, k = 2, TO cJjyHKi^HH / npHHHMaeT KoneHHoe hhcjio SHaneHHit h TOHKa x 

HBJIHeTCH TOHKOH paSpblBa 1-rO pOfla. IlpH 3T0M f{x — 0) = Pi, /(x + 0) = Ps- 

6) EcjiH = H He CHTyai];HH, onHcannaH b 2 a), x HBjiHeTCH tohkoh paspbma 2-ro po^a (cm. 

PHC.2). 

b) Ecjih 7^ 0, to 

lim f{x) = sign/3r • (+00); 

x^x 

3. > 1. a) Ecjih bcc BbipajKCHHa ^jrri ~^ Pj^ 3 ^ k hmciot o^hh h tot jkc snax, to cymecTBycT 

k 



lim f{x) = sign (-fi^ + P^ ■ (+00) 
x^x \aj^ — i J 



k 

6) Ecjih BbipajKCHHsi ^jrrr + Pj npn j ^ k hmciot pasHbie snaKH, to x Tonxa paspbiBa 2-ro po^a 

k 

(J)yHKi];HH /. 

HyjiCBoe SHancHHe b stom cjiynae CHHTacTca pasHbiM h c nojiojKHTCjibHbiM h c OTpni^aTCjibHbiM 

SHaHCHHHMH. 

SaMCTHM, HTO ccjiH k = 2 n d2Pi + P2 = Pi, TO cymccTBycT f{x — 0) = Pi. AnajiorHHHO, ccjih 

fc = n - 1 H dn-lPn + Pn-1 = Pn, TO CymCCTByCT f {x + 0) = 
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4. EcjiH dr ^ —1, TO X TOHKa pasptiBa 2-ro po^a. 



n = 2, oi = a2 = 0, 5; 
di= Pi= 0, d2 = (32 = 0,5- x= 1. 
Phc. 1 (npHMep 1) 



1 

n = 3, fli = 0, 5, 02 = as = 0, 25; 
da = /3i = 1, /32 = /33 = 0; X = 1. 
Phc. 2 (npHMep 26) 



n = 3, fli = 02 = 03 = 1/3; "'^ 
^i=/32 = l, d2 = 2, /33 = 0;x = 0,5. 
Phc. 3 (npHMep 3a)) 



n = 3, fli = 02 = 03 = 1/3; 
/3i = /?2 = /5i = 1, d2 = 2, /33 
Phc. 4 (npHMep 36)) 



-2, i = 0,5. 



OnPEflEJiEHHE 2.2. CaMonodo6Hou cmpyHou CmuAmbeca 6ydeM uaaueamb cmpyny, KOAeSanuM 
Komopou onucueammcM aadaneu (ll.ip - (|1.2p . g(9e eec /9 npedcmaeAMem co6ou o6o6ui,eHHyK> npouaeod- 
Hym caMonodo6Hou (pyuK'nuu KAacca Di. 

Same^AHHE 2.2. H3 coomHoiuemiH (12. lip CAedyem, nmo e oniAUHUu om KAaccunecKou cmuAmbe- 
coecKou cmpynu, moHKa HaKonAemiM Mace ne o6M3ameAbHO MeAMemcM kohi^om Humu. KpoMe mozo, 
e amoM CAynae sadaua MOMcem 6umb imdecfiuHumHou, m.e. ^Maccu:» Mozym npumiMamb ompu%a- 
meAbHoe SHaneHue. 

B CBH3H c 3THM npeflCTaBjiHCT HHTcpec Bonpoc o HaxojKfleHHH ycjiOBHH Ha napaMeTpbi caMono- 
flo6HH, npn KOToptix ohh nopojKflaroT Hey6E.iBaK)myK) caMonoflo6HyK) dpynKuaK). ^jih npoHSBOJiBHon 
caMonoflo6HOH cJjyHKi^HH, HBjiHKJmeHCH HenoflBHJKHOH TOHKOH oncpaTopa G, onpe^ejieHHoro cJjopMy- 
jiOH (12. 2p . B pa6oTe [12] nojiyneHBi floCTaTOHHbie ycjiosHH Hey6E.iBaHHH cJjyHKi^HH /. 3aMeTHM, hto b 
3T0H pa6oTe b (JjopMyjinpoBKe TeopeMbi o floCTaTOHHbix ycjiosHHx Hey6E.iBaHHH caMonoflo6HOH cJjyHK- 
i];hh flonymena omH6Ka. ^jih BOCCTaHOBjieHHH npaBHjiBHoro yTBepjKflenHH h ^jih nojiHOTbi HSJioJKeHHH 
npHBeflCM 4)opMyjiHpoBKy SToro pesyjitTaTa (cm. Teopeny 4.1 |12| ). 
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Teopema 2.3. Uycmb HenpepueuaM cjieea (f)yHKit,UM f nejifiemcii nenodeuMCHOu moHKOu ccHCUMa- 
wvnezo onepamopa G, onpedeAtHHOzo cjjopMyAou (12. 2p . a napaMempu caMonodo6uH {ck}, {dk} u {/3fc} 
euGpauu maK, nmo /(O) = 1 u /(I) = 1. Tozda djin mozo Hmo6u cfiyHKit^uH f 6ujia Hey6ueaH)ineu 
Heo6xoduMO, Hmo6u npu ecex k = 1,2, ... ,n eunojiHHJiucb Hepaeencmea 

(2.12) (3k (3k+i, Ck + dk + (3k ^ (3k+i, + 4 ^ 0, 
u docmamoHHO, Hmo6u npu ecex k = 1,2, . . . ,n eunoAHMAUch HcpaeeHcmea 

(2.13) Pk ^ (3k+i, Ck + dk + (3k ^ (3k+i, Ck ^0, 4 ^ 0, 

B o6n],eH CHTyai];HH Meacfly Heo6xoflHMbiMH h flocTaTOHHbiMH ycjiOBHHMH ecTb «3a3op». B pa6o- 
Te [12] npHBeflCH npHMep caMonoflo6HOH cJjyHKi^HH, yflOBjieTBopHiomefi ycjiOBHHM (I2.12p . ho ne sibjih- 

lOmeliCH MOHOTOHHOH. 

^jiH caMonoflo6HOH cJjyHKi^HH HyjieBoro cneKTpajibHoro nopaflKa mojkho ccJaopMyjinpoBaTb KpHTe- 
pHH MOHOTOHHOCTH B TepMHHax napaMCTpoB CaMOnOflo6HH. 

Teopema 2.4. CaMonododnaM cfiyuKi^usi / G -Di HejiHemcn Hey6ueamw^eu mozda u mojibKO mozda 
Kozda ee napaMempu caMonodo6uH ydoejiemeopHwm ycjioeunM: 

1) dj^ > 0; 

2) 5^ df^Pi + ^ d~^Pn + Pj^^Pj^_^_^...^Pn npul<k< n. 

Upu k = n ycjioeue 2) MCHHemcH ua Hepaeencmea: (3i ^ . . . ^ Pn-i ^ Pn-i ^ dn(3i + /3„. 

Upu k = 1 ycjioeue 2) MennemcM na nepaeencmea: di/3„ + /?i ^ /?2 ^ • • • ^ Pn- 

Hmo6u (pynKii^uH f ne eospacmajia nepaeencmea 2) nado noMennmb na npomueonojioDtcnue. 

^OKASATEJlbCTBO. PaccMOTpHM cjiynaft 1 < /c < n. Hs (]3opMVjiBi (l2.7ll cjie^yeT, hto ^jih Hey6bi- 
BaHHH caMono/];o6HOH cJjyHKi^HH Ha OTpesKax nepBoro nopaflKa Heo6xoflHMO h flocTaTOHHO, HTo6bi bm- 
nojiKHjiHCb nepaBencTBa ()i ^ (3j Vi < j, i,j ^ k. MTo6bi (JjynKi^Hii ne y6E.iBajia na OTpesKax sToporo 
nopsiflKa Heo6xoflHMO h floCTaTOHHO, HTo6bi ona ne y6biBajia npn nepexo^e c OTpesKa nepsoro nopsiflKa 
c HOMepoM /c — 1 Ha nepBbiH OTpesoK BToporo Hopa^Ka c HOMepoM /c, 1 h npn Hepexo^e c HOCjie^Hero 
OTpesKa BToporo nopH^Ka c noMepoM /c, n na OTpesoK nepBoro nopH^Ka c HOMepoM A; + 1. Hs (Jaopiviyji 
(|2.8|) cjieflyeT, hto ^jih SToro Heo6xoflHMO h floCTaTOHHO BbinojinenHH HepaBencTB 

B CHjiy caMOHOflo6HH cJjyHKi^HH / ycjiOBHH Hey6biBaHHH 6yflyT BbinojiHHTbCH h na OTpesKax 6ojiee 
BbicoKoro HopHflKa, HTO HeHOcpcflCTBeHHO cjie^yeT H3 HepaBeHCTB (|2.8p - (|2.10p . 
Heo6xoflHMOCTb ycjiOBne > oneBHflHa. 

Cjiynan /c = 1 h fc = n paccMaTpHBaiOTCH anajiornHHO. □ 

JlerKO BHfleTb, hto ^jih caMonoflo6HOH (JjyHKi^HH / Hyjiesoro cneKTpajibHoro nopH^Ka, y^OBjie- 
TBopsHomeii ycjiOBHHM /(O) = 0, /(I) = 1 ycjiOBHH (|2.12ll . (|2.13l) npcBpamaiOTCH b Heo6xoflHMbie h 

flOCTaTOHHbie yCJIOBHH MOHOTOHHOCTH, OHHCaHHbie B TeopcMC 12.41 

3. CaMonoflo6Hi>ie 4)yHKii;HH HyjieBoro cneKTpajibHoro nopsiflKa, sa^aBaeMbie 
onepaTopoM nofloGnii, MeHiiiomero opHeHTaii;Hio OTpesKa 

KaK CKasano b saMenanHH 12.11 4)yHKLi,HH, aBjiHiomaacH HeHOflBHJKHofi tohkoh onepaTopa G, ne 

HSMCHHTCH, CCJIH OHepaTOpbl Gfc HOMCHHTb Ha OHCpaTOpbl Gfc HpH k ^ k. K HMCHHO, HCHOflBHyKHaH 

cJ)yHKi];HH OTo6pajKeHHH G HpHHHMaeT Ha HOflOTpesKax [afc,afc+i] SHanenHH, pannbie (3k npn k ^ k 
HesaBHCHMO OT Toro, OTo6pajKeHHH Gk HjiH Gk OHpe/];ejiHK)T onepaTop G. IlosTOMy hmcct cmmcji 
paccMaTpHBaTb OTo6pajKeHHe Gk TOjibKO npn k = k. 
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3.1. OopMyjibi ^AJiii npnGjiHJKeHHH caMonoflo6HOH ^^YHkii.hh. Hcnojitsya cbohctbo one- 
paTopa MCHHTB opHeHTai];Hio OTpesKa [a^,a^^-^], necjiOHCHO nojiyHHTb cJjopMyjibi ^jih m-bix npn- 
6jiHJKeHHH caMonoflo6HOH 4)yHKi];HH, aHajiorHHHbie (JjopMyjibi l2.7H2.10l HanajibHaH cJjyHKi^HH TaKHce 

npHHHMaeTCH paBHOf! TOHC^eCTBeHHO HyjIK). 

(3.1) = /?fci npn j; G /fcj, A;i = 1, 2, . . . , n, 

f f ^ J/'fci, oc G 4,, fci / A:, 

(3.2) /2(x) = <^ J ^ 

" n, 



(3.3) /3(x) = <^ 



df^(5n-k2+i + x^^kM' ^2 = 1,2,..., 

X e h^, ki^k, 

dj^Pn-k2+i + X ^ Ij^ f,^, k2 7^ k, 

^(ifc(cifc/3fe3 + ^^^kkM^ /C3 = l,2,...,n 

/3fci, X £ Ik^, kiy^k, 



(3.4) /^(x) = <^ 



df-'(3k^_,+p^{l + d^ + ... + df-'), xeh^i,^,^',^,^^, k^.,^k 

(ir'/3._.„+i+/3,(i+d,+...+dr': 



^ ^ h,k, . . . ,k,km^ fcm — 1) 2, . . . , n, 



npH HCTHOM m. IlpH HeneTHOM m cjjopMVjia 13.41 npHHHMaeT bh^ 

Pki, X e hi, ki^k, 

dj^Pn-k2+l + Pk, X e I'^^f,^, k2 7^ k, 



fm{x) = < 



+ + + "^"^hX-.-Xk^^ km = l,2,...,n. 



jm—2 



3.2. KoopflHHaTbi oco6ofi tohkh. PaccMOTpnM, kslk MenHiOTCH (JjopMyjibi fljia onpeflejiennH 
KoopflHHaT 0C060H TOHKH, ccjiH npeo6pa30BaHHe c HOMepoM k MeHHCT opneHTai^HK) OTpesKa [a^,a^^-^]. 
KoopflHHaTbi jiesoro h npasoro kohi];ob OTpesxa Iff r b stom cjiynae hmciot bh^ 

/v , /C J . . . 5 /c 



fc+i 



X, = 1 - (1 - a^^J - a^a^ - a|(l - q^^J - a|a^ 



rfle 



npH m = 2^ — 1 

1 — Oi^_^^ npn m = 21 ' 

a [x] — HaHMeHBinee i];ejioe hhcjio, ne MCHBinee x («noTOjiOK»), I = 1,2, , 



HeCJIOJKHO BblHHCJIHTb, HTO OCo6aH TOHKa X B 3T0M CJiy^ae HMeeT KOOpflHHaTy 



(3.5) 



a 



X 



fc+i 
l + at 
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OtMCTHM, HTO B 3T0M CJiyHaC, HeSaSHCHMO OT SHaHeHHH k 0C06aH TOHKa X He MOJKeT COBnaCTB c 

KOHi];aMH OTpesKa [0, 1]. 

3.3. ycjiOBHa HeyGbiBaHHii 4>yHKu,HH b cjiynae Gf,. Ha ocHOBaHHH (]3opMyji l3.1H3.4l HecjioacHO 
nojiyHHTB anajior TeopeMBi 12. 4[ 

Teopema 3.1. CaMonodo6HaM (pyuKHUH f £ Di, sadauHasi maKUM onepamopoM nodo6uM, y Komo- 
pozo Gj^ Mensiem opueHmaii^uw ompesna [a^,af^_^-^], MBAsiemcM Hey6uean)meu mozda u mojibKO mozda 
Kozda ee napuMempu caMonodo6uH ydoejiemeopfimm ycjioeuHM: 

1) < 0; 

2) f3i^(32^---^ ^ d-^^pn + ^ d^/3i + (3~^ ^ (3~^^^ . . . ^ (in npu l< k < n. 
Upu k = n ycjioeue 2) npuMem eud: Pi ^ P2 ^ ■ ■ ■ ^ Pn-i ^ Pn u Pn~i ^ dnPn + Pn- 
Upu k = 1 ycjioeue 2) npuMem eud: Pi ^ P2 ^ ■ ■ ■ ^ Pn-i ^ Pn u diPi + Pi ^ P2- 

3AMEHAHHE 3.1. 0yHKU,UK> Hyjieeozo cneKvapajibHozo nopadKa, y Komopou npeodpaaoeanue Gf, 
MeHMem opueHmau^ufo ompesKa [a^, mochcho sadamb dpyzuM Ha6opoM napuMempoe caMonodo6uH, 

djisi Komopux see npeoSpasoeanuM Gi coxpansimm opueHmav^uw ompeanoe. 

Mto6bi HafiTH 3TH napaMCTpBi caMonoflo6HH, ^ocTaTOHHO saMCTHTB, HTO cjKHMaiomee OTo6pajKe- 
HHe G^ HMeeT Ty ace nenoflBHJKHyio (JayHKi^iiio /, hto h npeo6pa30BaHHe G. BsefleM npeo6pa30BaHHe 
F := G^. IlycTB N, a{F)k, P{F)k h d{F)k, k = 1,2, . . . , N — ero napaMeipBi caMonoflo6HH. Mepes 
m o6o3Ha"qHM tot efliiHCTBenHbifi iiH^eKC, ^jih KOToporo d{F)m 7^ 0. 3th nncjia mojkho bbihhcjihtb 
nepes napaMCTpBi caMonoflo6HH HCxo^Horo npeo6pa30BaHHH G cjie^yiomHM o6pa30M: 

N = 2n-l, m = n, d{F)n, = d|, 
a{F)k = ak, k = 1,2, . . . ,k - I, 
a{F)m+k = CLf,- an-k, k = 0,l,... ,n-l, 
0'{F)m+n-^k = a%j^k+v k = 0,l,. ..,n-k, 

p{F)k = Pk, k = l,2,...,k-l, 
P{F)m+k = df,- Pn^k, k = 0,1, . . . ,n - 1, 
Pm+n+k — /3fc_j.fc_|_xi k = 0,1, . . . ,n — k, 

KaK H npeo6pa30BaHHe G, gpeo6pa30BaHHe F TaK>Ke mojkho 3aflaTB c noMomBio OTo6pajKeHHft Fk, 
conocTaBjiHiomHx 4)yHKi];HH / G Lp[0, 1] 4)yHKi];HH Fk{f) S Lp[a{F)k,a.{F)k+i\, k = 1,2, . . . , N: 

{Fkf){x) = fit), X = a{F)kt + a{F)k, x e [a{F)k,a{F)k+i], te[0,l]. 

y npeo6pa30BaHHH F Bce ero cocTaBjiHiomne npeo6pa30BaHHH F^, k = 1,2,...,N coxpanHioT 
opneHTai^HK) 0Tpe3K0B. 

Abtop npH3HaTejieH A.H. Ha3apoBy 3a nojie3HBie o6cyjKfleHHH h 3aMeHaHHH. 
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